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DEVWUDFW
Wklv sdshu dqdo|vhv wkh zhoiduh hhfwv ri sulfh uhvwulfwlrqv rq sulydwh
frqwudfwlqj lq d zruog zkhuh djhqwv kdyh d olplwhg frjqlwlyh delolw|1 Shr0
soh frpsxwh wkh frvwv dqg ehqhwv ri hqwhulqj d wudqvdfwlrq zlwk dq huuru1
Wkh jryhuqphqw nqrzv wkh glvwulexwlrq ri wuxh frvwv dqg ehqhwv dv zhoo dv
wkdw ri huuruv1 E| lpsrvlqj frqvwudlqwv rq wudqvdfwlrq sulfhv/ wkh jryhuqphqw
holplqdwhv vrph wkdw duh rq dyhudjh lqh!flhqwehfdxvh wkh sulfh vljqdov wkdw
rqh ri wkh sduwlhv kdv w|slfdoo| jurvvo| ryhuhvwlpdwhg lwv ehqhw iurp sduwlf0
lsdwlrq1 Wklv srolf| pd| lqfuhdvh djjuhjdwh zhoiduh hyhq wkrxjk vrph ri wkh
wudqvdfwlrqv ehlqj eorfnhg duh dfwxdoo| h!flhqw1
Wkh sdshu dovr vwxglhv wkh h{whqw wr zklfk wkh xvh ri sulydwh frqvxowdqwv
zlwk vx!flhqw lqwhooljhqfh e| shrsoh zlwk olplwhg lqwhooljhqfh pd| grplqdwh
jryhuqphqw uhjxodwlrq1
MHO= G;4/ G;5/ G;6/ K54/ L6/ M6;/ M74/ M75/ M;/ N64/ N65/
Nh|zrugv= Frjqlwlyh delolw|/ plqlpxp zdjhv/ uhjxodwlrq/ sulfh frqwuro/
sdwhuqdolvp/ lqwhooljhqfh
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4 Lqwurgxfwlrq
Zkloh hfrqrplvwv w|slfdoo| eholhyh wkdw lw lv lqh!flhqw wr edq d pxwxdoo|
dgydqwdjhrxv wudqvdfwlrq/lq pdq| vrflhwlhv rqh lq idfw revhuyhv uhjxodwlrqv
zklfk sxw olplwv rq wkh iuhhgrp ri wudqvdfwlrq1 Vxfk uhvwulfwlrqv lqfoxgh
plqlpxp zdjhv dqg olplwv rq zrunlqj krxuv/ dv zhoo dv edqv rq yroxqwdu|
vodyhu| dqg fklog oderu> xvxu| odzv zklfk sxw d fds rq wkh lqwhuhvw zklfk
fdq eh dvnhg e| d ohqghu> uhqw frqwurov dqg frqwurov rq wkh sulfh ri edvlf
frpprglwlhv> khdowk dqg vdihw| vwdqgdugv/ hwf1
Zk| vkrxog wkh odz lpsrvh vxfk uhvwulfwlrqv/ li rqh lv wr h{shfw wudqv0
dfwlrqv wr eh surwdeoh wr erwk sduwlhvB Hfrqrplf dqdo|vlv kdv w|slfdoo|
h{soruhg wzr pdlq urxwhv1 Iluvw lw kdv frqvlghuhg zkhwkhu h{whuqdolwlhv dqg
pdunhw idloxuhv frxog pdnh vxfk uhvwulfwlrqv zhoiduh0hqkdqflqj14 Vhfrqg/ lw
kdv h{soruhg zkhwkhu wkhlu jhqhudo htxloleulxp hhfwv frxog uhglvwulexwh lq
idyru ri srolwlfdoo| srzhuixo vrfldo jurxsv15
Krzhyhu/ li rqh orrnv dw wkh dfwxdo/ h{solflw prwlydwlrqv ri vxfk srolflhv/
wkh| vhogrp uhihu wr vxfk hhfwv1 Udwkhu/ wkh| duh sdwhuqdolvwlf lq wkdw wkh|
lpsrvh qrupv ri ghfhqf| dqg dffhswdelolw| rq sulydwh frqwudfwlqj uhjdugohvv
ri wkh hhfw ri sulydwh frqwudfwv rq wklug sduwlhv1 Plqlpxp zdjhv/ iru h{0
dpsoh/ duh hlwkhu frqvlghu dv d cvxevlvwhqfh zdjh*lpso|lqj wkdw wkhuh h{lvwv
zrunhuv zloolqj wr zrun iru ohvv wkdq wkhlu vxevlvwhqfh ohyho/ dqg wkdw lw lv
xqghvludeohru d cvrfldo plqlpxp* judqwhg wr doo zrunhuv e| wkh jryhuqphqw/
zklfk uhihuv wr vrph qrwlrq ri idluqhvv16
Dowkrxjk idluqhvv fdq eh hperglhg lq shrsoh*v suhihuhqfhv7/ wklv lv vrph0
zkdw qrq vwdqgdug dqg lw lv qrw fohdu krz jryhuqphqw lqwhuyhqwlrq vkrxog
orrn olnh lq vxfk d zruog/ jlyhq wkdw idluqhvv frqfhuqv duh douhdg| uh hfwhg lq
h{lvwlqj frqwudfwv1 Rq wkh rwkhu kdqg/ li wkhvh frqfhuqv duh qrw uh hfwhg lq
4Wkh uhdghu fdq uhihu/ iru h{dpsoh/ wr Jxhvqhulh dqg Urehuwv +4<;:,/ Djhoo +4<<<,/
Djhoo dqg Orpphuxqg +4<<:,/ Fdkxf dqg Plfkho +4<<9,1
5Wklv lv wkh pdlq wkhph ri p| suhylrxv uhvhdufk rq wkh srolwlfdo hfrqrp| ri oderu
pdunhw lqvwlwxwlrqv/ vhh Vdlqw0Sdxo +5333,1
6Rq wkh Iuhqfk plqlpxp zdjh/ rqh fdq uhihu wr Frqvhlo Vxsìulhxu gh o*Hpsorl/ ghv
Uhyhqxv/ hw ghv Frþwv +4<<<,1
7Vhh iru h{dpsoh Dnhuori dqg \hoohq +4<<3,/ Nrop +4<<;,1
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shrsoh*v suhihuhqfhv/ dqg li wkh h{whuqdolwlhv phqwlrqhg deryh duh qrw suhvhqw/
wkhq lq d zruog srsxodwhg e| udwlrqdo djhqwv sdwhuqdolvp fdq rqo| eh lqwhu0
suhwhg dv lqh!flhqw prudol}lqj1
Dqrwkhu urxwh/ krzhyhu/ lv wr dujxh/ dv pdq| vxssruwhuv ri sdwhuqdolvwlf
srolflhv gr/ wkdw shrsoh gr qrw dfwxdoo| nqrz zkdw lv jrrg iru wkhpvhoyhv/
dqg wkdw wkh jryhuqphqw nqrzv ehwwhu1 Dffruglqj wr wkdw ylhz/ wkh jryhuq0
phqw fdq kdyh v|vwhpdwlf nqrzohgjh rq shrsoh*v ghyldwlrq iurp udwlrqdolw|/
dqg uhjxodwh wkh hfrqrp| dffruglqjo|1 Wkh dujxphqw uhvwv rq shrsoh ehlqj
lpshuihfwo| udwlrqdo/ dqg wkxv xqdeoh wr jxuh rxw wkhlu wuxh ehqhw iurp
hqwhulqj dq hfrqrplf uhodwlrqvkls1 Rqh uhdvrq lv wkdw wkhlu frjqlwlyh delolw|/
ru lqwhooljhqfh/ lv qrw vx!flhqw wr shuirup wkh uhtxluhg lqihuhqfhv dqg frp0
sxwdwlrqv1 Wkdw lqwhooljhqfh lv olplwhg/ frqwudu| wr zkdw lv dvvxphg lq prvw
hfrqrplf prghov/ lv kdugo| glvsxwdeoh1 Li wklv zhuh qrw wkh fdvh/ wkhuh zrxog
qrw eh d glvwulexwlrq ri LT vfruhv lq wkh srsxodwlrq> hyhu|erg| zrxog kdyh
wkh kljkhvw srvvleoh vfruh18
Wklv sdshu surylghv vrph wkhruhwlfdo irxqgdwlrqv iru vxfk dq dujxphqw1
Lw dqdo|vhv wkh zhoiduh hhfwv ri sulfh uhvwulfwlrqv rq sulydwh frqwudfwlqj lq
d zruog zkhuh djhqwv kdyh d olplwhg frjqlwlyh delolw|1 D nh| lqjuhglhqw lv
wkh dvvxpswlrq wkdw olplwhg frjqlwlyh delolw| lpsolhv wkdw rqh frpsxwhv wkh
frvwv dqg ehqhwv ri hqwhulqj d wudqvdfwlrq zlwk dq huuru1 Wkh jryhuqphqw
grhv qrw nqrz wkh wuxh frvwv dqg ehqhwv iru d jlyhq djhqw/ krzhyhu lw nqrzv
wkh glvwulexwlrq ri wuxh frvwv dqg ehqhwv dv zhoo dv wkdw ri wkh huuruv ehlqj
pdgh1 Wklv doorzv lw wr lqihu wkdw wudqvdfwlrqv wdnlqj sodfh dw vrph sulfhv duh
rq dyhudjh lqh!flhqwrevhuylqj wkhp vljqdov wkdw rqh ri wkh sduwlhv kdv w|s0
lfdoo| jurvvo| ryhuhvwlpdwhg lwv ehqhw iurp sduwlflsdwlrq1 E| edqqlqj vxfk
wudqvdfwlrqv/ wkh jryhuqphqw lqfuhdvhv djjuhjdwh zhoiduh hyhq wkrxjk vrph
ri wkh wudqvdfwlrqv ehlqj eorfnhg duh dfwxdoo| h!flhqw1 Exw wkhlu srvlwlyh
h{shfwhg frqwulexwlrq wr wrwdo zhoiduh lv vpdoohu wkdq wkh h{shfwhg qhjdwlyh
frqwulexwlrq ri wkrvh eorfnhg wudqvdfwlrqv zklfk zrxog kdyh ehhq lqh!flhqw1
8Lw lv nqrzq/ iru h{dpsoh/ wkdw kljk LT shrsoh shuirup pxfk ehwwhu lq mrev zlwk
frpsoh{ wdvnv wkdq dyhudjh LT shrsoh/ zkloh d orz LT lv d suhglfwru ri whhqdjh fulph1 Vhh
Dphulfdq Sv|fkrorjlfdo Dvvrfldwlrq Wdvn Irufh +4<<9,1
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Wkh sdshu dovr wdfnohv dqrwkhu vlgh ri wkh dujxphqw/ zklfk lv wkh iroorz0
lqj= Lq rughu iru wkh jryhuqphqw wr eh deoh wr shuirup vxfk frpsxwdwlrqv/
wkhuh pxvw h{lvw vrph shrsoh zlwk vx!flhqw frjqlwlyh delolw|1 Lqvwhdg ri
zrunlqj iru wkh jryhuqphqw/ wkhvh shrsoh frxog lqvwhdg zrun dv sulydwh frq0
vxowdqwv/ l1h1 vhoo lqirupdwlrq vhuylfhv wr djhqwv zlwk orz frjqlwlyh delolw| lq
rughu wr khos wkhp wr ehwwhu frpsxwh wkh frvwv dqg ehqhwv ri wudqvdfwlrqv1
Li vxfk d pdunhw iru lqirupdwlrq dulvhv dqg li wkh frvw ri lqirupdwlrq lv orz
hqrxjk/ lw fdq eh vkrzq wkdw doo djhqwv zloo hqwhu wudqvdfwlrqv wkdw duh h{0
shfwhg wr eh h!flhqw/ dqg wkdw wkh vfrsh iru sdwhuqdolvwlf sulfh uhvwulfwlrqv
glvdsshduv1 Lqghhg/ frqvxowdqwv zloo whqg wr duwlfldoo| errvw wkh edujdlq0
lqj srvlwlrq ri wkhlu folhqwv eh|rqg wkhlu wuxh h{shfwhg rssruwxqlw| frvw/ lq
rughu wr h{sorlw prqrsro| srzhu wkurxjk d vwudwhjlf ghohjdwlrq hhfw1 Frq0
vhtxhqwo|/ devhqw sxeolf lqwhuyhqwlrq wkhuh duh wrr ihz wudqvdfwlrqv wdnlqj
sodfh iurp wkh srlqw ri ylhz ri vrfldo zhoiduh1 Qhyhuwkhohvv/ sulfh uhvwulfwlrqv
qhhg qrw uhgxfh vrfldo zhoiduh/ exw iru d wrwdoo| glhuhqw uhdvrq/ zklfk lv
wkdw wkh| pd| uhgxfh prqrsro| srzhu +dq hhfw zhoo vwxglhg lq wkh olwhu0
dwxuh,1 Ilqdoo|/ jryhuqphqw lqwhuyhqwlrq pd| uhpdlq ghvludeoh iru dqrwkhu
prwlyh/ qdpho| lq rughu wr h{sorlw hfrqrplhv ri vfdoh lq wkh dftxlvlwlrq ri
lqirupdwlrq1
Wklv sdshu lv uhodwhg wr d volp vwudqg ri olwhudwxuh uhjduglqj wkh lpsol0
fdwlrqv ri luudwlrqdo ehkdylru1 D vhplqdo sdshu e| Ehfnhu +4<95, lqwurgxfhv
udqgrpqhvv lq lqglylgxdo ehkdylru/ dqg vkrzv wkdw lw lqgxfhv uhvwulfwlrqv
rq wkh surshuw| ri wkh ghpdqg fxuyh1 Krzhyhu lw grhv qrw glvfxvv srvvl0
eoh lpsolfdwlrqv iru jryhuqphqw lqwhuyhqwlrq1 Dnhuori dqg Glfnhqv +4<;5,
vwxg| wkh lpsolfdwlrqv ri frjqlwlyh glvvrqdqfh/ l1h1 wkh hvwdeolvkhg whq0
ghqf| ri lqglylgxdov wr glvfdug lqirupdwlrq vxjjhvwlqj wkhlu sdvw fkrlfhv duh
plvwdnhq1 Wkh| surylgh wkh h{dpsoh ri kd}dugrxv mrev/ dujxlqj wkdw vdihw|
uhjxodwlrq pd| eh Sduhwr0hqkdqflqj1 Khqfh/ frqwudu| wr wkh suhvhqw sdshu
zkhuh plvwdnhv duh udqgrp/ lq wkh Dnhuori dqg Glfnhqv sdshu wkh gluhfwlrq ri
plvwdnhv lv v|vwhpdwlfdoo| suhglfwdeoh rq wkh edvlv ri revhuyhg sdvw fkrlfhv1
Frqvhtxhqwo|/ jryhuqphqw lqwhuyhqwlrq lv wuxo| csdwhuqdolvwlf*/ lq wkdw wkh
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jryhuqphqw grhv nqrz ehwwhu zkdw lv jrrg iru d jlyhq djhqw1 Lq frqwudvw/ lq
p| prgho sdwhuqdolvp rqo| dssolhv lq d vwdwlvwlfdo vhqvh1
Wkh sdshu lv rujdql}hg dv iroorzv= lq wkh qh{w vhfwlrq/ L vhw xs wkh edvlf
prgho dqg frpsxwh wkh hhfw ri sulfh uhvwulfwlrqv rq zhoiduh1 Lq vhfwlrq
6/ L h{whqg wkh prgho e| doorzlqj djhqwv zlwk olplwhg frjqlwlyh delolw| wr
sxufkdvh frqvxowdqf| vhuylfhv1 Vhfwlrq 7 frqfoxghv1
5 D vlpsoh pdwfklqj prgho
Wkhuh lv d frqwlqxxp ri djhqwv ri wrwdo pdvv 41 Wkhvh djhqwv duh h{0dqwh
lghqwlfdo1 Wkh| pdwfk udqgrpo| zlwk hdfk rwkhu lq rughu wr surgxfh 6 xqlwv
ri rxwsxw/ zkhuh 6 lv {hg dqg h{rjhqrxv1 Hdfk sduw| kdv dq rssruwxqlw|
frvw S ri sduwlflsdwlqj lq wkh yhqwxuh1 L dvvxph wkdw S kdv ixoo vxssruw rq
E4cn4c ehlqj glvwulexwhg zlwk f1g1i1 CES C lv frqwlqxrxv dqg glhuhq0
wldeoh doprvw hyhu|zkhuh/C ’ }
Shrsoh gr qrw revhuyh wkhlu wuxh rssruwxqlw| frvw1 Udwkhu/ wkh| revhuyh
lw zlwk huuru/ eholhylqj wkdw wkhlu frvw lv dfwxdoo| S ’ S n 0c zkhuh 0 lv
glvwulexwhg ryhu E4cn4 zlwk f1g1i1 8 ES dqg ghqvlw| sES Zlwkrxw orvv
ri jhqhudolw| L dvvxph .E0 ’ f Wkxv frjqlwlyh delolw| lv lqwhusuhwhg dv wkh
vl}h ri plvwdnhv ehlqj pdgh uhjduglqj rqh*v qhw ydoxh iurp sduwlflsdwlqj lq
d pdwfk1 Wkh juhdwhu wkh yduldqfh ri 0c wkh vpdoohu wkh lqwhooljhqfh ri shrsoh
lq wklv vrflhw|1
Qrwh wkdw djhqwv vlqfhuho| eholhyh wkdw wkhlu frvw lv S( wkh| gr qrw wuhdw
S dv d vljqdo dqg gr qrw pdnh udwlrqdo lqihuhqfhv rq S edvhg rq revhuylqj
S Wklv lv eh|rqg wkhlu frjqlwlyh delolw|1 Shrsoh ohduq derxw wkhlu wuxh frvw
rqo| e| h{shulhqfh/ e| uhfhlylqj d fhuwdlq ohyho ri xwlolw| diwhu wkh pdwfk kdv
surgxfhg> exw lw lv wkhq wrr odwh wr fkdqjh wkhlu plqg1
Frqvhtxhqwo|/ devhqw dq| jryhuqphqw lqwhuyhqwlrq/ d pdwfk zloo dfwxdoo|
wdnh sodfh li dqg rqo| li lw |lhogv d srvlwlyh shufhlyhg vxusoxv1 Ghqrwlqj e|
S ’ S n 0 dqg S ’ S n 0 wkh shufhlyhg rssruwxqlw| frvw ri hdfk sduw|/ zh
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jhw wkh iroorzlqj frqglwlrq=
6  Sn S
Li wkdw lqhtxdolw| lv ylrodwhg/ wkhq wkh pdwfk grhv qrw wdnh sodfh dqg
hdfk sduw| jhwv d xwlolw| ri }hur1 Li qrw/ wkhq wkh sduwlhv pxvw djuhh rq d
vkdulqj uxoh sulru wr surgxfwlrq wdnlqj sodfh1 Vxfk vkdulqj uxoh lv revhuydeoh
e| wkh jryhuqphqw/ dqg fdqqrw eh uhqhjrwldwhg1 Zh dvvxph lw lv ghwhuplqhg
e| Qdvk edujdlqlqj/ dqg wkdw doo djhqwv kdyh wkh vdph edujdlqlqj srzhu1
Frqvhtxhqwo|/ wkh djhqw zlwk d shufhlyhg rssruwxqlw| frvw S +djhqw 4, zloo
jhw d sd|phqw htxdo wr
 ’

2
E6 S S n S
’
6n ES S
2
c
zkloh wkh rwkhu djhqw +djhqw 5, jhwv  ’ E6 ES S *2
Wkh wuxh zhoiduh ri djhqw 4 lv jlyhq e| wkh glhuhqfh ehwzhhq klv zdjh
dqg klv rssruwxqlw| frvw=
/ ’   S
’

2
E6 S S n

2
E0 0
Qrw vxusulvlqjo|/ zhoiduh lv juhdwhu +exw wkh pdwfk lv ohvv olnho| wr rs0
hudwh,/ wkh pruh djhqw 4 kdv ryhuhvwlpdwhg klv rssruwxqlw| frvw1 Lw lv dovr
juhdwhu +dqg wkh pdwfk lv pruh olnho| wr rshudwh,/ wkh pruh djhqw 5 kdv
xqghuhvwlpdwhg klv rssruwxqlw| frvw1
Jlyhq rxu dvvxpswlrqv/ wrwdo vrfldo zhoiduh lv htxdo wr wkh vxp ryhu doo
pdwfkhv wdnlqj sodfh ri wkh pdwfk*v qhw vxusoxv
lf ’
]]]
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514 D sulfh uhvwulfwlrq
Ohw xv qrz dqdo|}h krz wkh suhfhglqj dqdo|vlv lv fkdqjhg zkhq wkh jryhuq0
phqw lpsrvh d uhvwulfwlrq rq wkh sulfh wkdw fdq eh sdlg rq hdfk sduw|1 L
dvvxph/ dqg wklv lv dq lpsruwdqw dvvxpswlrq/ wkdw wkh jryhuqphqw nqrzv
wkh glvwulexwlrq ri rssruwxqlw| frvwv/ dv zhoo dv wkh glvwulexwlrq ri huuruv/
dqg lv deoh wr frpsxwh vrfldo zhoiduh1 Ohw xv wkhq frqvlghu wkh hhfwv ri d
cplqlpxp zdjh* 7 rq wkh sd|phqw wr hdfk sduw|1 Fohduo|/ wr eh ihdvleoh lw
pxvw vdwlvi| 7 	 6*2c zklfk L vkdoo khqfhiruwk dvvxph1
Wklv uhjxodwlrq fkdqjhv erwk wkh vhw ri pdwfkhv zklfk rshudwh dqg wkh
wudqvihuv1 Vshflfdoo|/ rqh pd| glvwlqjxlvk irxu fdvhv=
D1 Li
S 	 6 Sc +D4,
S 	 6 2 7 n S +D5,
S : 2 7 6n Sc +D6,
wkh pdwfk wdnhv sodfh dqg sd|phqwv duh xqdhfwhg e| wkh uhjxodwlrq1 Lq
wkh deryh frqglwlrqv/ wkh uvw lqhtxdolw| whoov xv wkdw wkh pdwfk lv shufhlyhg
dv surgxfwlyh> wkh vhfrqg rqh wkdw djhqw 4*v shufhlyhg rssruwxqlw| frvw lv
kljk hqrxjk iru klv qhjrwldwhg sd|phqw wr h{fhhg 7( dqg wkh wklug rqh vd|v
wkdw djhqw 5*v shufhlyhg rssruwxqlw| frvw lv kljk hqrxjk iru klv sd|phqw wr
h{fhhg 7 wrr1
E1 Li
S 	 7 +E4,
S : 6 2 7 n S +E5,
S 	 6 7c +E6,
wkh pdwfk wdnhv sodfh/ djhqw 4 uhfhlyhv 7c dqg djhqw 5 uhfhlyhv6 7 Wkh
vhfrqg lqhtxdolw| whoov xv wkdw devhqw wkh uhjxodwlrq/ djhqw 4 zrxog uhfhlyh
ohvv wkdq 7c gxh wr klv orz shufhlyhg rssruwxqlw| frvw1 Wkh uvw rqh whoov xv
wkdw kh lv zloolqj wr hqwhu wkh uhodwlrqvkls li sdlg 7 Wkh wklug rqh phdqv
:
wkdw djhqw 5 lv dovr zloolqj wr hqwhu wkh uhodwlrqvkls/ l1h1 lw jhwv pruh wkdq lwv
rssruwxqlw| frvw diwhu sd|lqj wkh plqlpxp zdjh wr djhqw 41 Qrwh wkdw wkhvh
wzr lqhtxdolwlhv lq wxuq lpso| wkdw wkh pdwfk lv shufhlyhg dv surgxwlyh/ l1h1
6  Sn S
F1 Li
S 	 7 +F4,
S : 6 2 7 n S +F5,
S 	 6 7c +F6,
zh duh lq wkh v|pphwulfdo fdvh ri E1 Djhqw 5 lv sdlg 7c dqg djhqw 4 jhwv
6 7
G1 Li qrqh ri wkhvh vhwv ri lqhtxdolwlhv krog/ wkh pdwfk grhv qrw wdnh sodfh1
Wklv lqfoxghv pdwfkhv zklfk zrxog wdnh sodfh devhqw uhjxodwlrq/ iru h{dpsoh
pdwfkhv vxfk wkdw S n S 	 6c S : 6  2 7 n Sc exw S : 6  7 Lq vxfk d
fdvh djhqw 5 lv qrw zloolqj wr sd| 7 wr djhqw 4/ dowkrxjk wkhuh h{lvw orzhu
zdjhv wkdw djhqw 4 zrxog dffhsw dqg djhqw 5 zrxog eh zloolqj wr sd|1
Wkh nh| txhvwlrq zh duh lqwhuhvwhg lq lv= krz grhv vxfk d uhjxodwlrq
dhfw wrwdo vrfldo zhoiduhB Wr dqvzhu wkdw txhvwlrq zh vlpso| qhhg wr
fkdudfwhul}h wkh vhw ri pdwfkhv zklfk dfwxdoo| wdnh sodfh1 Wkh iroorzlqj
ohppd vxppdul}hv wkh deryh wd{rqrp|=
OHPPD 4  D pdwfk wdnhv sodfh li dqg rqo|
+l, S 	 7 dqg S 	 6 7
ru +ll, 7  S  6 7 dqg S 	 6 S
SURRI  Vhh Dsshqgl{1
Ohppd 4 lv looxvwudwhg rq Iljxuh 4/ zklfk ghslfwv wkh vhw ri shufhlyhg
frvwv zklfk ohdg wr d yldeoh pdwfk +}rqh L, dqg frpsduhv lw wr lwv frxqwhusduw
devhqw jryhuqphqw lqwhuyhqwlrq +}rqhv L/LL/ dqg LLL,1 Zlwk wklv uhvxow lq kdqg/
;
zh fdq surfhhg dqg frpsxwh vrfldo zhoiduh e| vxpplqj wkh qhw vxusoxv ri
doo pdwfkhv zklfk gr dfwxdoo| wdnh sodfh1 Zh jhw wkh iroorzlqj h{suhvvlrq=
lE 7 ’
] n"
3"
] n"
3"
E6 S S}ES}ESUESc S_S_Sc +4,
zkhuh UESc S lv jlyhq e|
UESc S ’
] 73S
3"
sE08 E6 7  S_0n
] 63 73S
73S
sE08 E6 S S  0_0
Fohduo| zh kdyh *4 7<3"lE 7 ’ lf Lq rughu wr nqrz zkhwkhu d plq0
lpxp zdjh pd| lqfuhdvh zhoiduh/ zh uvw orrn dw wkh pdujlqdo hhfw ri dq
lqfuhdvh lq 7 rq zhoiduh1 Glhuhqwldwlqj +4,/ zh jhw
lE 7 ’ 
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ScS
E6 S S}ES}ESdsE6 7  S8 E 7  S n sE6 7  S8 E 7  So_S_S
+5,
Frpsxwdwlrqv doorz wr suryh wkh iroorzlqj=
SURSRVLWLRQ 4  lE 7 : f li dqg rqo| li
U n"
3"
S}ESsE6 7  S_SU n"
3"
}ESsE6 7  S_S
n
U n"
3"
S}ES8 E 7  S_SU n"
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}ES8 E 7  S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: 6 +6,
SURRI  Vhh Dsshqgl{1
Sursrvlwlrq 4 jlyhv d vlpsoh frqglwlrq rq wkh glvwulexwlrq ri frvwv dqg
plvshufhswlrqv iru d pdujlqdo lqfuhdvh lq wkh plqlpxp zdjh wr lqfuhdvh
zhoiduh1 Frqglwlrq +6, kdv d vlpsoh Ed|hvldq lqwhusuhwdwlrq1 Lwv ohiw0kdqg
vlgh lv wkh h{shfwhg wrwdo rssruwxqlw| frvw ri d pdujlqdo pdwfk/ l1h1 d pdwfk
zklfk zrxog eh ghvwur|hg li 7 zhuh lqfuhdvhg e| d vpdoo dprxqw1 Wkh uvw
whup lv wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh wuxh frvw ri wkh djhqwv zkr duh
derxw wr jlyh xs li wkh plqlpxp zdjh lv lqfuhdvhg1 Wkhvh djhqwv kdyh d
shufhlyhg frvw htxdo wr 6  7c zklfk pdnhv lw eduho| surwdeoh iru wkhp
wr sduwlflsdwh zkloh sd|lqj 7 wr wkhlu pdwh1 E| Ed|hv* odz/ wkh frqglwlrqdo
<
glvwulexwlrq ri wkhlu wuxh rssruwxqlw| frvw frqglwlrqdo rq wkhlu shufhlyhg frvw
ehlqj S ’ 6 7 lv jlyhq e|
}ES m Sn 0 ’ 6 7 ’
}ESsE6 7  SU n"
3"
}ESsE6 7  S_S

Frqvhtxhqwo|/ wkh uvw whup ri +6, lv .ES m S ’ 6 7 Wkh vhfrqg whup
lv wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh wuxh rssruwxqlw| frvw ri wkh pdujlqdo
djhqwv* pdwh1 Wklv pdwh lv sdlg 7c dqg iru wkh pdwfk wr eh rshudwlyh lw pxvw
eh wkdw S ’ S n 0  7 Wkxv/ e| Ed|hv odz wkh frqglwlrqdo glvwulexwlrq ri
S jlyhq wkdw wklv shuvrq lv sdlg 7 lv
}ES8 E 7  SU
n"
3"
}ES8 E 7  S_S
c
vr wkdw wkh vhfrqg whup ri Ht1 +6, lv .ES m S 	 7
Wkhuhiruh/ Htxdwlrq +6, phdqv wkdw wkh h{shfwhg wrwdo rssruwxqlw| frvw
ri wkh pdwfkhv wkdw duh ghvwur|hg e| dq lqfuhdvh lq wkh plqlpxp zdjh lv
kljkhu wkdq wkh rxwsxw ri d pdwfk/ vr wkdw ghvwur|lqj wkhvh pdwfkhv ryhudoo
lqfuhdvhv vrfldo zhoiduh1 Qrwh wkdw vrph ri wkh dfwxdo pdwfkhv wkdw zloo eh
ghvwur|hg duh dfwxdoo| h!flhqw1 Exw wkh dyhudjh frqwulexwlrq ri ghvwur|hg
pdwfkhv wr vrfldo zhoiduh lv qhjdwlyh1
Li lqvwhdg ri d sureohp ri olplwhg frjqlwlyh delolw|/ zh kdg udwlrqdo Ed|hvldq
djhqwv zkr zhuh ixoo| dzduh ri wkhlu plvshufhswlrqv/ wkh| zrxog fruuhfwo|
frpsxwh wkh pdwkhpdwlfdo h{shfwdwlrq ri wkhlu rssruwxqlw| frvw zkhq ghflg0
lqj zkhwkhu ru qrw wr sduwlflsdwh lq d pdwfk1 Devhqw uhjxodwlrq/ doo h{lvwlqj
pdwfkhv zrxog wkhuhiruh vdwlvi| wkh sulydwh h!flhqf| uhtxluhphqw jlyhq e|
.ES m S n.ES m S 	 6 +7,

Vlqfh wkh jryhuqphqw grhv qrw revhuyh shufhlyhg frvwv/ exw mxvw wudqvdf0
wlrq sulfhv/ lwv lqwhuyhqwlrq fdqqrw lpsuryh h!flhqf|1 Lpsrvlqj d plqlpxp
zdjh frxog qrw lqfuhdvh zhoiduh/ ehfdxvh +6, frxog qrw krog/ dv lwv OKV lv wkh
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h{shfwdwlrq ri wkh OKV ri +7, frqglwlrqdo rq S ’ 6 7 dqg S  7 Lq rwkhu
zrugv sulydwh Ed|hvldq djhqwv jhw wkh pd{lpxp srvvleoh ohyho ri h!flhqf|
jlyhq wkhlu lqirupdwlrq/ dqg wkh jryhuqphqw fdqqrw lpsuryh rq lw dv orqj dv
lw grhv qrw kdyh pruh lqirupdwlrq1
Rq wkh rwkhu kdqg/ xqghu olplwhg frjqlwlyh delolw|/ shrsoh duh qrw dzduh
ri wkhlu plvshufhswlrqv dqg duh qrw deoh wr xvh wkhlu shufhlyhg frvwv dqg
wkh glvwulexwlrq ri wuxh frvwv dqg plvwdnhv wr shuirup wklv lqihuhqfh surfhvv1
Wkurxjk lwv sdwhuqdolvwlf srolflhv/ wkh jryhuqphqw lv shuiruplqj wkh lqihuhqfh
surfhvv rq ehkdoi ri sulydwh djhqwv/ dowkrxjk lw lv qrw grlqj lw dv h!flhqwo| dv
li wkh| zhuh Ed|hvldqv/ vlqfh lw rqo| revhuyhv sulfhv1 Wkh jryhuqphqw grhv qrw
nqrz h{dfwo| zkdw lv jrrg iru Puv1 Vplwk ru Pu1Mrqhv/ exw lw fdq udwlrqdoo|
lqihu wkdw/ jlyhq wkh glvwulexwlrq ri frvwv dqg plvwdnhv/ vrph wudqvdfwlrqv
duh olnho| wr eh fruuhodwhg zlwk jurvv plvshufhswlrqv/ dqg wkhuhiruh duh rq
dyhudjh lqh!flhqw1 Dq lqfuhdvh lq wkh cplqlpxp zdjh* zloo suhyhqw wkhvh
wudqvdfwlrqv iurp wdnlqj sodfh dqg zloo lqfuhdvh zhoiduh li +6, krogv1
Qrwh wkdw wkh jryhuqphqw zrxog dovr olnh wr surprwh wudqvdfwlrqv wkdw
gr qrw wdnh sodfh ehfdxvh erwk sduwlhv rq dyhudjh ryhuhvwlpdwh wkhlu rssru0
wxqlw| frvwv1 Krzhyhu vxfk qrq0h{lvwhqw wudqvdfwlrqv fdqqrw eh uhylyhg e|
wkh uhvwulfwlrqv rq sulfhv wkdw wklv sdshu dqdo|}hv1 Wkdw lv/ d qrq0h{lvwhqw
wudqvdfwlrq grhv qrw jlyh dq| vljqdo wkdw wkh jryhuqphqw frxog xvh lq ru0
ghu wr hqirufh lw vkrxog rqh h{shfw lw wr eh h!flhqw1 Lq sulqflsoh/ d vxevlg|
zrxog lqfuhdvh wkh qxpehu ri wudqvdfwlrqv/ exw lw dovr idyruv vrph lqh!flhqw
wudqvdfwlrqv1
Htxdwlrq +6, lv mxvw d orfdo frqglwlrq zklfk grhv qrw whoo xv zkhwkhu lq0
whuyhqwlrq grplqdwhv wkh odlvvh}0idluh1 Zh qrz surylgh d vx!flhqw frqglwlrq
iru wklv wr eh wuxh/ zklfk pdnhv xvh ri wkh dv|pswrwlf surshuwlhv ri wkh
glvwulexwlrqv ri S dqg 0
Zh dvvxph wkdw wkhvh glvwulexwlrqv vdwlvi| wkh iroorzlqj surshuwlhv=
SURSHUW\ +S4,= }ES 	 uebSc iru S$ 4
SURSHUW\ +S5,= sE0 : Me#0c iru 0$ 4
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SURSHUW\ +S6,= sE0 	 8e3)0c iru 0$ n4
SURSHUW\ +S7,= }ES : e3>Sc iru S$ n4
SURSRVLWLRQ 5  Dvvxph surshuwlhv +S4,0+S7, krog/ dqg wkdw
>
)
n
#
b
	  +8,
wkhq wkhuh h{lvwv W vxfk wkdw htxdwlrq +6, krogv iru doo 7 	 W Frqvh0
txhqwo|/ lE 7 : lf iru doo 7  
W
SURRI  Vhh Dsshqgl{1
Sursrvlwlrq 5 surylghv d frqglwlrq rq wkh wklfnqhvv ri wkh wdlov ri wkh
glvwulexwlrqv ri S dqg 0 iru d elqglqj plqlpxp zdjh wr lqfuhdvh zhoiduh1
Wklv frqglwlrq lv pruh olnho| wr eh vdwlvhg li=
+l, >*) lv vpdoohu/ l1h1 d odujh wuxh rssruwxqlw| frvw lv pruh olnho| wkdq
d odujh plvshufhswlrq/ lpso|lqj wkdw shrsoh zlwk d odujh shufhlyhg rssruwx0
qlw| frvw duh olnho| wr kdyh d odujh wuxh rssruwxqlw| frvw udwkhu wkdq ehlqj
ryhushvvlplvwlf1
+ll, #*b lv vpdoohu l1h1 d vpdoo wuxh rssruwxqlw| frvw lv ohvv olnho| wkdq d
vpdoo plvshufhswlrq/ lq zklfk fdvh dq deqrupdoo| orz shufhlyhg rssruwxqlw|
frvw lv pruh olnho| wr uhvxow iurp ryhurswlplvp wkdq iurp d wuxo| orz frvw1
Li wkhvh frqglwlrqv krog/ wkhq pdwfkhv zlwk deqrupdoo| dv|pphwulfdo
sd|phqwv duh olnho| wr eh lqh!flhqw1 Wkh sduw| zklfk jhwv d kljk sd|phqw
kdv d kljk shufhlyhg rssruwxqlw| frvw/ zklfk lv suredeo| gxh wr d kljk wuxh
rssruwxqlw| frvw1 Exw wkh sduw| zklfk jhwv d orz sd|phqw kdv d orz rssru0
wxqlw| frvw/ zklfk lv olnho| wr eh gxh wr ryhu0rswlplvp udwkhu wkdq d wuxh
orz frvw1 Udlvlqj 7 ghvwur|v vxfk pdwfkhv e| suhfoxglqj wrr dv|pphwulfdo
duudqjhphqwv/ wkxv frqwulexwlqj wr ryhudoo h!flhqf|1
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6 D pdunhw vroxwlrqB
Lq wkh deryh dqdo|vlv/ doo sulydwh djhqwv kdyh d olplwhg frjqlwlyh delolw|/ zkloh
wkh jryhuqphqw lv deoh wr shuirup wkh frpsxwdwlrqv qhfhvvdu| iru holplqdw0
lqj pdwfkhv wkdw duh rq dyhudjh lqh!flhqw1 Krzhyhu/ wklv vxssrvhv wkdw
wkhuh grhv h{lvw shrsoh zkr duh deoh wr shuirup vxfk frpsxwdwlrqv/ l1h1 wkdw
qrw hyhu|erg| lv ri olplwhg delolw|1 Wkhuhiruh/ lqvwhdg ri ehlqj kluhg e| wkh
jryhuqphqw/ wkhvh shrsoh frxog vhoo wkhlu vhuylfhv wr wkh pdunhw1 Lq sdu0
wlfxodu/ wkh| frxog eh kluhg dv frqvxowdqwv e| rwkhu djhqwv lq rughu wr whoo
wkhp zkhwkhu wkh| vkrxog sduwlflsdwh lq d jlyhq pdwfk dqg krz pxfk wkh|
vkrxog dvn1 Rqh pd| wklqn wkdw li vxfk d pdunhw dulvhv/ wkhq frqvxowdqwv zloo
shuirup doo qhfhvvdu| lqihuhqfhv dqg wkdw pdwfkhv zklfk duh v|vwhpdwlfdoo|
lqh!flhqw rq dyhudjh zloo glvdsshdu1
Lq wklv vhfwlrq/ zh dqdo|}h wkh lpsolfdwlrqv ri vxfk d pdunhw1 D nh| gli0
fxow| lv= jlyhq wkhlu olplwhg lqwhooljhqfh/ krz zloo shrsoh hydoxdwh wkh jdlqv
iurp xvlqj d frqvxowdqwB Frpsxwlqj wkhp udwlrqdoo| dprxqwv wr dfwxdoo|
shuiruplqj wkh frqvxowdqw*v mre1 Wklv pdnhv klp xvhohvv dqg lv lq frqwudglf0
wlrq zlwk rxu dvvxpswlrq ri olplwhg frjqlwlyh delolw|1 Wkhuh lv qr vdwlvidfwru|
vroxwlrq wr wklv sureohp/ vr wkdw L zloo dvvxph wkdw wkh jdlqv iurp xvlqj d
frqvxowdqw duh revhuydeoh/ hyhq wkrxjk shrsoh duh qrw deoh wr frpsxwh wkhp1
Zh dvvxph hqrxjk revhuydelolw| ri vxfk jdlqv vr dv wr hqvxuh wkdw lq htxl0
oleulxp/ d frpshwlwlyh frqvxowlqj pdunhw zloo jlyh dgylfhv zklfk pd{lpl}h
wkh folhqwv* sd|rv1 Wklv lpsolhv wkdw shrsoh qrw rqo| revhuyh wkh sd|r
iurp xvlqj d frqvxowdqw yv1 qrw xvlqj rqh/ exw dovr wkh sd|rv dvvrfldwhg
zlwk glhuhqw frqvxowlqj vwudwhjlhv/ vr wkdw lq htxloleulxp rqo| wkrvh zklfk
pd{lpl}h wkhlu folhqwv* xwlolw| zloo vxuylyh19
L wkhq dvvxph wkdw wkh vxsso| ri frqvxowlqj vhuylfhv lv lqqlwho| hodvwlf1
Shrsoh fdq sd| d {hg sulfh w dqg jhw dq dgylfh dffruglqj wr wkh iroorzlqj
9Wr eh frqvlvwhqw/ rqh pxvw lq idfw dvvxph wkdw vrph djhqwv ghyldwh e| qrw xvlqj
frqvxowdqwv ru xvlqj lqihulru rqhvrwkhuzlvh wkh dvvrfldwhg rxwfrphv zloo qhyhu eh re0
vhuyhg1 Ohw xv dvvxph wkdw vxfk ghyldwlrqv duh uduh dqg lqiuhtxhqw hqrxjk vr dv qrw wr
txdqwlwdwlyho| dhfw wkh htxloleulxp1
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wlplqj=
41 Sd| w wr wkh frqvxowdqw
51 Pdwfk udqgrpo|
61 Lqirup wkh frqvxowdqw ri wkh shufhlyhg frvw S ’ Sn 0
71 Wkh frqvxowdqw jlyhv dq dgylfh lq wkh irup ri d edujdlqlqj srvlwlrq
SW Dw wklv vwdjh/ erwk wkh frqvxowdqw dqg wkh folhqw ljqruh wkh rwkhu sduw|*v
edujdlqlqj srvlwlrq1
81 Wklv edujdlqlqj srvlwlrq lv xvhg lqvwhdg ri S wr ghwhuplqh zkhwkhu wkh
pdwfk dfwxdoo| rshudwhv dqg wkh sd|phqwv wr hdfk sduw|1
Qrwh wkdw dvvxpswlrq 8 lv idu iurp qhxwudo1 L dp dvvxplqj wkdw frqvxo0
wdqwv duh dfwxdoo| deoh wr frqylqfh wkhlu folhqw wkdw wkhlu rxwvlgh rswlrq lv
SW udwkhu wkdq Sc l1h1 wkdw wkh| duh deoh wr fkdqjh wkhlu suhihuhqfhv Wklv lv
ixuwkhu glvfxvvhg ehorz/ exw qrwh wkdw lw lv frqvlvwhqw zlwk wkh olplwhg lqwho0
oljhqfh dvvxpswlrq/ vlqfh shrsoh kdyh qr phdqv ri pdnlqj lqihuhqfhv rq wkhlu
wuxh rssruwxqlw| frvw e| wkhpvhoyhv/ dqg pd| dv zhoo wuxvw wkhlu frqvxowdqw1
Lq wkh glvfxvvlrq wkdw iroorzv/ L zloo dvvxph wkdw w lv duelwudulo| vpdoo/
zklfk doorzv wr irfxv wkh dqdo|vlv rq wkh ydoxh ri sdwhuqdolvwlf srolflhv zkhq
lqirupdwlrq lv fkhds hqrxjk1 Zkhq wklv lv qrw wuxh/ d qxpehu ri dgglwlrqdo
lvvxhv dulvh1 Lq sduwlfxodu/ sulfh uhvwulfwlrqv dhfw wkh ghvludelolw| ri xvlqj
d frqvxowdqw/ dqg wkhuhiruh wkh htxloleulxp qxpehu ri shrsoh zkr xvh d
frqvxowdqw1
Wkh uvw txhvwlrq wr eh dqvzhuhg lv= Zkdw lv wkh dgylfh wkdw frqvxowdqwv
zloo jlyh/ l1h1 wkdw zklfk pd{lpl}hv wkh folhqw*v h{shfwhg xwlolw|B Lq htxl0
oleulxp wkh rwkhu sduw|*v edujdlqlqj srvlwlrq/ SWc lv glvwulexwhg zlwk f1g1i1
CWE Frqwudu| wr wkh suhfhglqj dqdo|vlv/ CW lv qrz hqgrjhqrxv/ vlqfh lw lv
dhfwhg e| wkh fkrlfh ri wkrvh djhqwv zkr xvh frqvxowdqwv1
Wkh pdwfk wdnhv sodfh li dqg rqo| li SWn SW 	 6c lq zklfk fdvh wkh folhqw
jhwv  ’ E6 SW  SW*2 n SW Wkh djhqw*v h{shfwhg sd|r lv
] 63SW
3"
_CWES_S
]
n"
3"
}ES m Sn 0 ’ S

6n SW  S
2
 S

_Sc +9,
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zkhuh
}ES m Sn 0 ’ S ’
sES S}ESU
sES S}ES_S
lv wkh srvwhulru glvwulexwlrq ri S frqglwlrqdo rq wkh djhqw*v shufhlyhg frvw Sc
dqg wkh whup lq eudfnhw lv wkh djhqw*v xwlolw| qhw ri klv wuxh rssruwxqlw| frvw
S
Jlyhq rxu dvvxpswlrqv rq revhuydelolw| ri jdlqv/ frqvxowdqwv zloo vhw SW
vr dv wr pd{lpl}h wkh h{suhvvlrq lq +9,1 Wkh uvw0rughu frqglwlrq lv
f ’

2
CWE6 SW
}WE6 SWU
sES S}ES_S
]
ESW  SsES S}ES_S +:,
Wklv htxdwlrq fdq eh uhzulwwhq dv
SW ’ .ES m Sn 0 ’ S n

2
CWE6 SW
}WE6 SW
+;,
Wklv irupxod whoov xv wkdw wkh edujdlqlqj srvlwlrq lv wkh vxp ri wzr hhfwv=
D ohduqlqj hhfw/ fdswxuhg e| wkh uvw whup zklfk lv wkh srvwhulru phdq
ri S frqglwlrqdo rq wkh frvw vljqdo S Wklv whup fdswxuhv wkh idfw wkdw frqvxo0
wdqwv duh shuiruplqj wkh Ed|hvldq ohduqlqj surfhvv wkdw djhqwv duh xqdeoh wr
xqghuwdnh1 Zh ghqrwh lw e| 	SES dqg fdoo lw wkh *Ed|hvldq frvw*1
D vwudwhjlf ghohjdwlrq +ru gxrsro|, hhfw/ zklfk fdswxuhv wkh idfw wkdw
shrsoh fdq lpsuryh wkhlu dyhudjh zhoiduh e| duwlfldoo| errvwlqj wkhlu edu0
jdlqlqj srvlwlrq eh|rqg wkhlu wuxh hvwlpdwhg rssruwxqlw| frvw1 Vxfk dq hhfw
w|slfdoo| dulvhv zkhq edujdlqlqj lv ghohjdwhg wr d qhjrwldwru1: Lq vxfk vlw0
xdwlrqv lw lv lq wkh lqwhuhvw ri wkrvh zkr dssrlqw wkh qhjrwldwru wr rsw iru
vrpherg| zkrvh suhihuhqfhv duh glvwruwhg uhodwlyh wr wkhlu rzq/ lq rughu
wr vwudwhjlfdoo| pdqlsxodwh wkh qhjrwldwru*v rxwvlgh rswlrq1 Wklv doorzv wr
frpplw rqhvhoi wr dvnlqj pruh wkdq rqh zrxog vlqfhuho| gr/ zklfk doorzv
wr dfklhyh vrph prqrsro| srzhu1 Khuh/ zh duh dvvxplqj wkdw djhqwv duh
frqylqfhg e| frqvxowdqwv wr dgrsw SW dv wkhlu rxwvlgh rswlrq1 Dv d uhvxow/
frqvxowdqwv errvw SWxszdugv lq wkh lqwhuhvwv ri wkhlu folhqwv1 Rqh pd| remhfw
:Vhh Fdloodxg dqg Uh| +4<<8, iru d vxuyh|1
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wkdw djhqwv frxog uhdol}h wkdw dqg wkxv eh xqdeoh wr vlqfhuho| vwlfn wr SW Exw
wkhq rqh zrxog kdyh wr frqvlghu hlwkhu wkdw shrsoh frxog qrw kdyh dq rxwvlgh
rswlrq glhuhqw iurp Sc lq zklfk fdvh frqvxowlqj vlpso| grhv qrw zrun/ ru
wkdw wkh| duh dzduh wkdw wkhlu ehvw hvwlpdwh iru S lv .ES m Sn0 ’ Sc lq zklfk
fdvh wkhlu lqwhooljhqfh lv qrw olplwhglq wkh vhqvh ri wklv sdshu1 Khuh zh duh
dvvxplqj wkdw lq vrph zd| djhqwv duh frqylqfhg e| wkhlu frqvxowdqwv ehfdxvh
ri wkhlu olplwhg lqwhooljhqfh1 Wkdw lv/ wklv olplwdwlrq ehfrphv d vwudwhjlf dvvhw
iru frqvxowdqwv/ zkr duh deoh wr xvh lw wr pdqlsxodwh wkhlu folhqw*v suhihuhqfhv
iru wkh vdnh ri dfklhylqj juhdwhu prqrsro| srzhu1 Qrwh wkdw wkh vwudwhjlf
ghohjdwlrq whup lv olnh dq lqyhuvh hodvwlflw|1 Wkh udwlr }WE6 SW*CWE6 SW
lv wkh sursruwlrq ri pdwfkhv wkdw wkh djhqw zloo orvh li SW lqfuhdvhv e| rqh
xqlw1 Wkh frh!flhqw *2 fdswxuhv wkh djhqw*v vkduh lq wrwdo vxusoxv1
Qrwh wkdw jlyhq d glvwulexwlrq ri edujdlqlqj srvlwlrqv SWc Htxdwlrq +;,
ghwhuplqhv wkh glvwulexwlrq ri wkh dgylfhv SW Dq htxloleulxp lv d glvwulexwlrq
zklfk lv d {hg srlqw ri wkdw wudqvirupdwlrq1 Htxloleulxp qhhg qrw h{lvw/
dqg qhhg qrw eh xqltxh1;
Ehfdxvh ri wkh vwudwhjlf ghohjdwlrq hhfw/ shrsoh zloo dgrsw d edujdlqlqj
srvlwlrq zklfk lv eh|rqg wkh pdwkhpdwlfdo h{shfwdwlrq ri wkhlu wuxh rssru0
wxqlw| frvw1 Iru doo pdwfkhv wkdw dfwxdoo| wdnh sodfh/ rqh kdv 6 : SW n SWc
lpso|lqj wkdw li doo pdwfkhv xvh d frqvxowdqw=
6 : .ES m Sn 0 ’ S n.ES m S n 0 ’ S +<,
Lq rwkhu zrugv/ doo rshudwlqj pdwfkhv duh h!flhqw frqglwlrqdo rq wkh re0
vhuyhg vljqdov1 Vlqfh wkhuh lv pruh lqirupdwlrq lq S dqg S wkdq lq revhuyhg
wudqvdfwlrq sulfhv  dqg / wkh odz ri lwhudwhg h{shfwdwlrqv lpsolhv wkdw
6 : .ES m c n .ES m c Frqvhtxhqwo|/ wkhuh lv qr pdwfk wkdw
wkh jryhuqphqw zrxog zdqw wr ghvwur| rq wkh edvlv ri revhuyhg wudqvdfwlrq
sulfhv1 Wklv lv qrw vxusulvlqj/ vlqfh frqvxowdqwv dfw lq wkh ehvw lqwhuhvw ri wkhlu
folhqwv/ shuirup doo wkh lqihuhqfh wkdw fdq eh pdgh/ dqg kdyh pruh lqirupd0
wlrq wkdq wkh jryhuqphqw1 D pdwfk suhglfwhg wr eh v|vwhpdwlfdoo| lqh!flhqw
;Dv wkh h{dpsoh ehorz pdnhv fohdu/ rqh pd| vshfxodwh wkdw pxowlsoh htxloleuld lv d
shuydvlyh ihdwxuh ri wklv sureohp1
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rq dyhudjh zrxog douhdg| kdyh ehhq uhixvhg e| rqh ri wkh wzr sduwlhv* frq0
vxowdqw1 Li dq|wklqj/ wkh jryhuqphqw zrxog zdqw wr vxevlgl}h pdwfklqj vr
dv wr rvhw wkh vwudwhjlf ghohjdwlrq hhfw/ zklfk ghvwur|v pdwfkhv iru zklfk
+<, krogv exw 6 	 SW n SW
Grhv wkdw lpso| wkdw/ li shrsoh xvh frqvxowdqwv/ lw fdq qhyhu eh rswlpdo
wr uhvwulfw wudqvdfwlrq sulfhvB Qrw qhfhvvdulo|/ ehfdxvh uhvwulfwlrqv dovr di0
ihfw wkh glvwulexwlrq ri edujdlqlqj srvlwlrqv CW Lq idfw/ plqlpxp zdjhv fdq
uhgxfh wkh vwudwhjlf ghohjdwlrq hhfw/ vlqfh wkh| sxw d  rru rq krz pxfk
wkh rwkhu sduw| fdq jhw1 Khqfh/ hyhq wkrxjk vrph h!flhqw pdwfkhv duh gh0
vwur|hg/ wkh odvw whup ri +;, lv vrphwlphv uhgxfhg/ zklfk whqgv wr lqfuhdvh
wkh qxpehu ri h!flhqw rshudwlyh pdwfkhv1 Wkhvh hhfwv/ krzhyhu/ kdyh qrwk0
lqj wr gr zlwk wkh djhqwv* lpshuihfw udwlrqdolw|/ dqg zrxog vwloo eh wkhuh dv
orqj dv wkh| fdq h{huw prqrsro| srzhu> wkh| duh ri wkh vdph qdwxuh dv wkh
hpsor|phqw0hqkdqflqj hhfwv ri plqlpxp zdjhv lq wkh frqwh{w ri prqrs0
vrq| dqg elodwhudo prqrsro|/ zklfk duh zhoo xqghuvwrrg1<
Wr looxvwudwh wkhvh hhfwv/ frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1 Zkloh
shrsoh kdyh glhuhqw shufhlyhg frvwv/ wkhlu wuxh rssruwxqlw| frvw lv wkh vdph
iru doo djhqwv/ ehlqj htxdo wr S 	 6*2 Frqvxowdqwv nqrz lw1 Lq wkh devhqfh
ri d plqlpxp zdjh/ rqh fdq vkrz wkdw wkhuh h{lvwv d frqwlqxxp ri htxloleuld/
zkhuh d iudfwlrq R ri frqvxowdqwv dgylvh wkhlu folhqw wr rsw iru d edujdlqlqj
srvlwlrq SW ’ % 5 dSc6*2oc dqg d iudfwlrq   R dgylvh wkhlu folhqwv wr eh
fkrrv| dqg hohfw SW ’ 6  % Iru dq| R 5 dfc oc rqh fdq fkhfn wkdw wklv
lv dq htxloleulxp iru % ’ R6*2 n E  RS43 Lq wkdw htxloleulxp/ fkrrv|
djhqwv zkr phhw rwkhu fkrrv| djhqwv idlo wr irup dq rshudwlyh pdwfk/ dqg
wklv lv lqh!flhqw1 Vlqfh S 	 6*2c lw zrxog eh h!flhqw li doo pdwfkhv rshudwhg1
<Vhh Pdqqlqj +4<<8/ 5334,/ Uhelw}hu dqg Wd|oru +4<<8,/ Fdug dqg Nuxhjhu +4<<8,1
43Fohduo|/ wkrvh zkr fodlp { zloo dozd|v hqg xs lq dq rshudwlyh pdwfk/ zkloh wkrvh zkr
fodlp p { zloo rqo| pdwfk li wkh| phhw dq djhqw zkr fodlpv {= Wkhuhiruh/ wkh h{shfwhg
qhw jdlq iurp vwudwhj| {> lv htxdo wr Y +{, @ +4  s,+{  f, . s+p@5  f,> dqg iru { @
sp@5.+4s,f lw lv htxdo wr wkh h{shfwhg jdlq iurp vwudwhj|p{> y+p{, @ s+p{f,=
Wkxv frqvxowdqwv duh lqglhuhqw ehwzhhq hdfk vwudwhj|1 Ixuwkhupruh/ dq| rwkhu vwudwhj|
zloo |lhog d orzhu sd|r1 Iru f ? { rqh dozd|v pdwfkhv exw jhwv d orzhu sd|r wkdq iru
f @ {= Iru { ? f ? p {> rqh rqo| pdwfkhv zlwk wkrvh zkr fodlp {> exw jhwv ohvv wkdq
iru f @p {= Ilqdoo|/ iru f A p { rqh qhyhu pdwfkhv dqg jhwv }hur1
4:
Fohduo|/ htxloleuld zlwk d juhdwhu ydoxh ri R grplqdwh htxloleuld zlwk d orzhu
ydoxh ri Rc dqg wkh rswlpxp lv uhdfkhg dw R ’  D plqlpxp zdjh 7 : S
holplqdwhv doo htxloleuld vxfk wkdw R 	 73S
6*23S
 D plqlpxp zdjh htxdo wr 6*2
irufhv wkh hfrqrp| lqwr wkh h!flhqw htxloleulxp zkhuh R ’ 
Wkxv/ lqwurgxflqj d pdunhw iru lqirupdwlrq holplqdwhv wkh uroh ri wkh
vwdwh dv lpsrvlqj d plqlpxp vwdqgdug ri udwlrqdolw| rq h{lvwlqj wudqvdfwlrqv1
Krzhyhu/ lw lqwurgxfhv dqrwkhu sureohp/ qdpho| wkdw ri prqrsro| srzhu/
zklfk pd| vwloo uhtxluh lqwhuyhqwlrq1
Rq wkh rwkhu kdqg/ li frqvxowdqwv duh vlqfhuh/ dqg lqgxfh shrsoh wr wdnh
wkhlu Ed|hvldq frvw dv wkhlu edujdlqlqj vroxwlrq/ wkhq pdwfkhv wdnh sodfh li
dqg rqo| li wkh| duh h!flhqw frqglwlrqdo rq wkh dydlodeoh lqirupdwlrq/ dqg
wkh glvwulexwlrq ri edujdlqlqj srvlwlrqv lv qrw dhfwhg e| jryhuqphqw lqwhu0
yhqwlrqv1 Wkxv wkh| duh xvhohvv/ dw ohdvw li lqirupduwlrq lv fkhds hqrxjk +wr
looxvwudwh wkhvh lghdv/ d vlpsoh prgho lv ixoo| zrunhg rxw lq wkh Dsshqgl{,1
Dqrwkhu lvvxh/ krzhyhu/ lv wkdw shrsoh pd| vshqg wrr pxfk rq lqiru0
pdwlrq1 Frqvxowdqwv doo xvh wkh vdph lqirupdwlrq rq wkh glvwulexwlrq ri
rssruwxqlw| frvwv dqg ri huuruv lq rughu wr irupxodwh wkhlu dgylfh1 Juhdwhu
frruglqdwlrq lq wkh xvh ri wklv lqirupdwlrq frxog eh uhdfkhg e| jryhuqphqw
lqwhuyhqwlrq1 Lghdoo|/ wkh jryhuqphqw frxog edq frqvxowlqj vhuylfhv/ frp0
sxwh wkh Ed|hvldq frvw 	S iru dq| ydoxh ri Sc dqg/ e| sxeolvklqj wkh uhvxowv/
frqylqfh shrsoh wr xvh lw lq wkhlu edujdlq1 Wklv zrxog uhdfk wkh pd{lpxp
srvvleoh ohyho ri h!flhqf|/ dqg lq sulqflsoh frxog eh ohvv frvwo| wkdw wkh vxp
ri lqirupdwlrq frvwv zkhq doo djhqwv xvh frqvxowdqwv1 Lq vxfk dq lghdo fdvh/
frqvxowlqj lv *qdwlrqdol}hg* dqg dgylfh lv jlyhq e| wdnlqj lqwr dffrxqw dj0
juhjdwh zhoiduh/ udwkhu wkdq mxvw wkh folhqw*v lqwhuhvw/ zklfk holplqdwhv wkh
vwudwhjlf ghohjdwlrq eldv1 Exw/ hyhq li frqvxowdqwv duh vlqfhuh/ l1h1 devwudfw0
lqj iurp wkh vwudwhjlf ghohjdwlrq eldv/ lw fdq dovr eh wkdw djjuhjdwh zhoiduh
lv odujhu e| edqqlqj frqvxowlqj dqg lpsrvlqj wkh frduvh sulfh uhjxodwlrqv
+zklfk pdnh d ohvv h!flhqw xvh ri lqirupdwlrq wkdq frqvxowdqwv,/ wkdq e|
ohwwlqj wkh pdunhw iru lqirupdwlrq rshudwh iuhho|1 Wklv zrxog eh vr li wkh
zhoiduh glhuhqfh +ljqrulqj wkh frvw ri lqirupdwlrq, ehwzhhq wkh frqvxowlqj
4;
vroxwlrq dqg wkh sdwhuqdolvwlf vroxwlrq/ lv vpdoohu wkdq wkh glhuhqfh ehwzhhq
wkh wrwdo lqirupdwlrq frvw ri wkh odwwhu dqg wkdw ri wkh iruphu +wklv srvvlelolw|
lv irupdoo| fkdudfwhul}hg lq wkh prgho ri wkh Dsshqgl{,1
7 Frqfoxvlrq
Hfrqrplf wkhru| w|slfdoo| dvvxphv wkdw djhqwv duh ixoo| fdsdeoh ri frpsxw0
lqj wkhlu rswlpdo ehkdylru uhjdugohvv ri wkhlu frjqlwlyh delolw| dqg ri wkh
frpsoh{lw| ri wkhlu hqylurqphqw1 Li vr/ jryhuqphqwv fdqqrw lpsuryh shrsohv*
zhoiduh e| lpsrvlqj frqvwudlqwv rq wkhp/ xqohvv wkhuh duh plvvlqj pdunhwv1
\hw pdq| odzv dqg uhjxodwlrqv vhhp prwlydwhg e| wkh ylhz wkdw shrsoh vrph0
wlphv jhw irrohg lqwr duudqjhphqwv zklfk dfwxdoo| kdup wkhp1 Wklv sdshu
kdv surylghg wkhruhwlfdo irxqgdwlrqv iru vxfk srolflhv/ edvhg rq wkh jryhuq0
phqw*v vxshulru delolw| wr pdnh vwdwlvwlfdo lqihuhqfhv derxw wkh wuxh vrfldo
ghvludelolw| ri d wudqvdfwlrq frqglwlrqdo rq wkh revhuyhg sd|phqwv1
Sulydwh pdunhwv iru frqvxowlqj vhuylfhv pd| lq sulqflsoh grplqdwh jryhuq0
phqw lqwhuyhqwlrq/ hvvhqwldoo| ehfdxvh wkh| xvh lqirupdwlrq pruh h!flhqwo|1
Krzhyhu/ wkh| pd| ohdg wr lqh!flhqw ghvwuxfwlrq ri pdwfkhv ehfdxvh vwudwh0
jlf ghohjdwlrq lpsolhv prqrsro| srzhu> dqg dqrwkhu vrxufh ri lqh!flhqf| lv
gxsolfdwlrq ri lqirupdwlrq frvwv1 Iru wkhvh uhdvrqv pdunhwv gr qrw qhfhv0
vdulo| grplqdwh plqlpxp zdjhv zkhq lw frphv wr rvhwwlqj wkh plvwdnhv ri
olplwhg lqwhooljhqfh1
Wklv sdshu shukdsv ohdgv wr d uhlqwhusuhwdwlrq ri wkh qrwlrq ri idluqhvv/
zklfk lv riwhq xvhg wr ydolgdwh sdwhuqdolvwlf srolflhv1 Wkh *xqidlu* vlwxdwlrqv
wkdw wkhvh srolflhv dyrlg duh wudqvdfwlrqv zkhuh rqh sduw| kdv pdgh d plvwdnh/
dqg lv jhwwlqj ohvv wkdq lwv wuxh rssruwxqlw| frvw1 Jryhuqphqw srolflhv fdq
uhgxfh wkh vfrsh iru vxfk plvwdnhv/ dowkrxjk dw wkh frvw ri vxssuhvvlqj vlplodu
wudqvdfwlrqv wkdw duh qrw plvwdnhv1
Lq wkh prgho/ doo djhqwv kdyh wkh vdph frjqlwlyh delolw|/ lq wkdw wkh dyhu0
djh vl}h ri plvwdnhv lv frqvwdqw dfurvv lqglylgxdov1 Li shrsoh glhuhg lq frjql0
wlyh delolw|/ sdwhuqdolvwlf srolflhv zrxog kdyh glvwulexwlrqdo frqvhtxhqfhv> wkh
4<
prvw lqwhooljhqw shrsoh zrxog v|vwhpdwlfdoo| orvh iurp wkhp/ dv wkh| nqrz
krz wr frpsxwh wkhlu rssruwxqlw| frvw iurp hqwhulqj d wudqvdfwlrq zlwk suh0
flvlrq1
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wlrqv/ R{irug= R{irug X1 Suhvv1
55
DSSHQGL[
SURRIRI OHPPD 4  Dvvxph +l,/ ru htxlydohqwo| +E4, dqg +E6,/ krog1
Wkhq li +E5, krogv/ zh duh lq fdvh E dqg wkh pdwfk wdnhv sodfh1 Dvvxph wkhq
wkdw S 	 6 2 7 n S Wkhq +D5, krogv1 Ixuwkhupruh/ +E4, dqg +E6, lpso|
wkdw wkh pdwfk lv shufhlyhg dv surgxfwlyh/ l1h1 wkdw +D4, krogv1 Khqfh/ li
S : 2 7 6n Sc fdvh D krogv1 Li qrw/ wkhq +F5, krogv1 Vlqfh S 	 7 	 6*2c
+F6, dovr krogv1 Ilqdoo|/ zh kdyh 2 7 6 n S 	 7c vlqfh wklv lv htxlydohqw
wr S 	 6 7( wkdw/ dorqj zlwk +F5,/ lpsolhv wkdw +F4, krogv> khqfh fdvh F
krogv1
Dvvxph +ll,/ ru htxlydohqwo|/ +D4,/+F6,/dqg qrw0+E4,1 Li +F5, krogv/ wkhq
zh kdyh S 	 S n 2 7 6 	 7c vr wkdw +F4, dqg khqfh fdvh F krog1 Li +F5,
grhv qrw krog/ +D6, krogv/ dqg rqh kdv 6  S 	 6  2 7 n Sc vlqfh wklv lv
htxlydohqw wr 7 	 S Wklv wrjhwkhu zlwk +D4, lpsolhv +D5,1 Frqvhtxhqwo|
fdvh D krogv1
Ohw xv qrz suryh wkdw li d pdwfk wdnhv sodfh/ lw vdwlvhv +l, ru +ll,1
Frqvlghu fdvh D1 Dvvxph lw grhv qrw vdwlvi| +l,1 Wkhq hlwkhu S : 7
ru S : 6  7 Dvvxph S : 7 Wkhq iru +D4, wr krog lw pxvw eh wkdw
S 	 6 7 Ilqdoo|/ vxevwlwxwlqj +D4, lqwr +D6, lpsolhv S 	 6 7 Wkxv +ll,
krogv1 Dvvxph qrz S : 6 7 Djdlq iru +D4, wr krog zh pxvw kdyh S 	 7
Soxjjlqj wklv lqwr +D5, zh qg wkdw S 	 6 7c zklfk lv d frqwudglfwlrq1
Frqvlghu fdvh E1 Wkhq lw fohduo| vdwlvhv +l,/ zklfk lv htxlydohqw wr +E4,
dqg +E6,1
Frqvlghu fdvh F1 Jlyhq wkdw 7 	 6*2c+F4, lpsolhv wkdw S 	 6  7
Wkhq hlwkhu +l, krogv/ ru S : 7 Lq wklv fdvh/ +F6, lpsolhv wkdw wkh uvw sduw
ri +ll, krogv1 Vlqfh +F6, lv htxlydohqw wr 7 	 6 Sc +F4, lpsolhv S 	 6 S
Frqvhtxhqwo|/ +ll, krogv1
SURRI RI SURSRVLWLRQ 4  E| v|pphwu|/ Htxdwlrq +5, fdq eh
uhzulwwhq dv
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8 E 7  S

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Vxevwlwxwlqj lqwr +43,/ dqg glylglqj e| Uc zh qg wkdw l
E 7 : f l +6,
krogv1 T1H1G1
SURRI RI SURSRVLWLRQ 5  Zh vkrz wkdw li >
)
n #
b
	 c wkhq zh fdq
frqvwuxfw wzr srvlwlyh qxpehuv  dqg / vxfk wkdwU
S}ES8 E5  S_SU
}ES8 E5  S_S
 5c iru 5 $ 4( +44,
U
S}ESsE5  S_SU
}ESsE5  S_S
 5c iru 5 $ n4(
dqg  : 
Ohw xv uvw frqvwuxfw  Zh zdqw wkh iroorzlqj lqhtxdolw| wr krog iru 5
vpdoo hqrxjk=
U ’
]
ES 5}ES8 E5  S : f
Wkh UKV fdq eh ghfrpsrvhg dv
U ’
] 5
3"
ES5}ES8 E5  S_Sn
] n"
5
ES 5}ES8 E5  S_S
:
] 5
3"
ES5}ES_Sn
] n"
5
ES 5}ES8 E5  S_S
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Iru 5 vpdoo hqrxjk/ wkh uvw whup lv juhdwhu wkdq
U 5
3"
ES  5uebS_S ’
ueb5*b2 Qrwh wkdw lqwhjudwlqj wkh lqhtxdolw| sE0 : Me#0 zh jhw wkdw
8 E0 : Me#0*# iru 0 vpdoo hqrxjk1 Ohw  vxfk wkdw }ES : e3>S iru S : 
dqg ( vxfk wkdw sE0 : Me#0c zklfk lpsolhv 8 E0 : Me#0*#c iru 0 	 (
Wkhq iru 5 vpdoo hqrxjk zh kdyh 5 	  dqg 5  ( 	 c vr wkdw wkh
vhfrqg lqwhjudo lv juhdwhu wkdq M#3
U n"

ES  5e3>Se#E53S_S ’ e#5.c
zlwk . : f
Wkhvh wzr lqhtxdolwlhv lq wxuq lpso|
U : .e
#5  ueb5*b2
Wklv irupxod lpsolhv wkdw U : f iru 5 vpdoo hqrxjk dv orqj dv
 :
#
b

Ohw xv qrz frqvwuxfw c zklfk pxvw vdwlvi|
]
ES 5}ESsE5  S_S : f iru 5 $ n4
D fkdqjh ri yduldeoh lq wkh lqwhjudo iurp S wr 5  S vkrzv wkdw wklv lv
htxlydohqw wr
]
EE5  %}E5  %sE%_% : f iru 5 $ n4
Wkh OKV fdq eh ghfrpsrvhg dv
U2 ’
] E35
3"
EE5  %}E5  %sE%_%
n
] n"
E35
EE 5  %}E5  %sE%_%
Ohw 7} ’ 4@ S }ES Iru 5 odujh hqrxjk/ wkh odvw lqwhjudo lv juhdwhu wkdq
7}8
] n"
E35
EE 5  %e3)%_% ’ 
7}8e3)E35
)2

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Qh{w/ iru 5   : ( dqg E5 : (c wkh uvw lqwhjudo lv juhdwhu wkdq
M
] (
3"
EE5  %e3>E53%e#% ’ 8e3>5c zlwk 8 : f
Frqvhtxhqwo|/ zh zloo kdyh U2 : f iru 5 odujh hqrxjk/ surylghg f 	  	 
dqg > 	 )Ec l1h1  	 >*)Zh fdq slfn  dqg  vxfk wkdw  : c
surylghg #*b 	  >*)c zklfk lv htxlydohqw wr +8,1
Wkxv/ li +8, krogv/  dqg  h{lvw vxfk wkdw +44, krog1 Frqvhtxhqwo|/ iru
7 vpdoo hqrxjk/ wkh OKV ri +6, lv juhdwhu wkdq
E6 7 n 7 ’ 6 E  7
Jlyhq wkdw  : c wklv txdqwlw| lv duelwudulo| odujh iru 7 vpdoo hqrxjk/
dqg wkhuhiruh juhdwhu wkdq 6 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 51
Dq h{dpsoh
Wkhuh duh wzr w|shv ri rssruwxqlw| frvw= kljk/ jlyhq e| SM c dqg orz/
jlyhq e| Su 	 SM  D pdwfk ehwzhhq wzr SM lv lqh!flhqw/ l1h1 6 	 2SM 
Zlwk suredelolw| RM +uhvs1 Ruc d shuvrq zlwk rssruwxqlw| frvw SM +uhvs1
Ru pdnhv d plvwdnh dqg eholhyhv wkdw khu frvw lv lq idfw S ’ ESM n Su*2
Zh dvvxph SnSM 	 6c lpso|lqj SMnSu 	 6 Wkh sursruwlrq ri Mw|shv
lq wkh srsxodwlrq lv 4 dqg pdwfklqj lv udqgrp1 Wdeoh 4 +zkhuh B ’ ESM 
Su*2 frpsxwhv doo wkh srvvleoh pdwfkhv zklfk fdq wdnh sodfh ghshqglqj rq
dfwxdo dqg shufhlyhg frvwv/ dorqj zlwk wkh sursruwlrq ri vxfk pdwfkhv lq wkh
srsxodwlrq1
Pdwfkhv ri w|sh D zloo idlo wr irup/ zkloh pdwfkhv ri w|sh E dqg F
lqh!flhqwo| rshudwh1
D plqlpxp zdjh vwulfwo| juhdwhu wkdq6B exw vpdoohu wkdq6B*2 zloo
rqo| holplqdwh w|sh G pdwfkhv/ zklfk duh h!flhqw1 Exw d juhdwhu plqlpxp
zdjh pd| eh h!flhqw1 Li lw lv vwulfwo| juhdwhu wkdq6*2B*2 exw vpdoohu wkdq
6*2c wkhq lw holplqdwhv w|shv E/G/H/I/ dqg L1 Wkh wrwdo zhoiduh ydoxh ri doo
wkhvh pdwfkhv lv htxdo wr lEc(c.c 8c U ’ 2RMERM4
2E62SMn24E
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4E RMRuE6 SM  Su n 2RuE RuE 4
2E6 2Su Wkh uhjxodwlrq
lqfuhdvhv djjuhjdwh zhoiduh li wkdw txdqwlw| lv qhjdwlyh/ l1h1
RME RM4
2E2SM 6 : 4E 4E RMRuE6 SM  Su +45,
n2RuE RuE 4
2E6 2Su
W|sh Qr1 Shuf1 Surs Vxusoxv Qdph
KK 42 KK E RM
2 6 2SM 	 f D
KP 2RME RM 6 2SM 	 f E
PP R2M 6 2SM 	 f F
KO 24E 4 KO E RME Ru 6 SM  Su : f G
PO RME Ru 6 SM  Su : f H
KP RuE RM 6 SM  Su : f I
PP RMRu 6 SM  Su : f J
OO E 42 OO E Ru
2 6 2Su : f K
PO 2RuE Ru 6 2Su : f L
PP R2u 6 2Su : f M
Wdeoh 4
W|sh Qr1 Shuf1  2
KK 42 KK  
KP 6*2 n B*2 6*2 B*2
PP 6*2 6*2
KO 24E 4 KO 6*2 n B 6*2 B
PO 6*2 n B*2 6*2 B*2
KP 6*2 n B*2 6*2 B*2
PP 6*2 6*2
OO E 42 OO 6*2 6*2
PO 6*2 n B*2 6*2 B*2
PP 6*2 6*2
Wdeoh 4 +Frqw*g,1
Lw lv vwudljkwiruzdug wr vkrz wkdw zlwk d orz hqrxjk frvw ri frqvxowlqj/
d vlqfhuh vroxwlrq/ zkhuh frqvxowdqwv lqgxfh wkhlu folhqwv wr dgrsw d edu0
jdlqlqj srvlwlrq htxdo wr wkhlu wuxh h{shfwhg rssruwxqlw| frvw frqglwlrqdo
rq wkhlu shufhlyhg rssruwxqlw| frvw/ +l1h1 wkh Ed|hvldq frvw,/ jlyhv d kljkhu
5:
zhoiduh wkdq wklv uhjxodwlrq/ dqg wkdw dgglwlrqdo uhjxodwlrq lpsrvhg rq wkdw
rxwfrph rqo| zruvhqv zhoiduh1
Wkh Ed|hvldq frvw lv htxdo wr wkh wuxh rssruwxqlw| frvw li qr plvwdnh lv
pdgh/ dqg wr
	S ’
RM4SM n E 4RuSu
RM4n E 4Ru
c
li d plvwdnh lv pdgh1
Li 	Sn S 	 6c wkhq wkh vdph pdwfkhv dv lq Wdeoh 4 wdnh sodfh1 Ixuwkhu0
pruh wklv lqhtxdolw| lv htxlydohqw wr
RM4E2SM 6 	 RuE 4E6 SM  Suc
zklfk lpsolhv wkdw +45, lv ylrodwhg1 Wkxv/ zkloh frqvxowlqj lv xvhohvv dqg
zrxog qrw eh xvhg/ wkh sdudphwhu ydoxhv wkdw pdnh lw xvhohvv dovr pdnh
plqlpxp zdjhv kdupixo1
Li 2	S 	 6 	 	SnSM c wkh xvh ri frqvxowlqj ghvwur|v pdwfkhv ri w|sh E dqg I
uhodwlyh wr wkh qr frqvxowlqj vroxwlrq1 Jlyhq wkdw d plqlpxp zdjh ghvwur|v
pdwfkhv G/H/ dqg L/ zklfk duh h!flhqw/ lq dgglwlrq wr E dqg I/ frqvxowlqj
dorqh grhv ehwwhu wkdq wkh plqlpxp zdjh dorqh1 Ixuwkhupruh/ dgglqj d
plqlpxp zdjh rq wrs ri frqvxowlqj frxog rqo| lpsuryh wklqjv li lw ghvwur|hg
pdwfkhv F/ l1h1 li lw zhuh juhdwhu wkhq6*2 dqg ghvwur|hg doo pdwfkhv/ exw rqh
fdq fkhfn wkdw wklv lv qrw ghvludeoh vlqfh wrwdo zhoiduh lv srvlwlyh1 Lqghhg/ lw lv
htxdo wr R2M4
2E62SMn24E4ERMRuE6SMSunE4
2E62Suc
zklfk/ li 2	S 	 6c lv juhdwhu wkdq 24E4E6SM Sun4E4RMRuESM
Su n E 4
2E6 2Su : f
Ilqdoo|/ li6 	 2	Sc wkh xvh ri frqvxowlqj ghvwur|v pdwfkhv E/F/I/J/M1 Wklv
djdlq lpsuryhv rq wkh plqlpxp zdjh vroxwlrq1 Lq erwk fdvhv/ E dqg I duh
holplqdwhg1 Lq wkh frqvxowlqj vroxwlrq/ F/J/ dqg M duh holplqdwhg lq dgglwlrq
wr E dqg I/ dqg wkh mrlqw frqwulexwlrq ri F/J/ dqg M wr vrfldo zhoiduh lv
R2M4
2E6 2SM n 24E 4RMRuE6 SM  Su n R
2
uE 4
2E6 2Su
’ E4RM n RuE 4 d4RME6 2SM n RuE 4E6 2Suo 	 fc
5;
vlqfh 6 	 2	S Ixuwkhupruh/ lq wkh plqlpxp zdjh vroxwlrq/ G/H/ dqg L glvds0
shdu/ dqg wkhlu frqwulexwlrq lv srvlwlyh1 Wkxv wkh frqvxowlqj vroxwlrq fohduo|
grplqdwhv wkh sdwhuqdolvwlf rqh1 Ilqdoo|/ vlqfh doo pdwfkhv xqghu wkh frqvxow0
lqj vroxwlrq duh h!flhqw/ dgglqj d plqlpxp zdjh frqvwudlqw wr wkdw vroxwlrq
fdq rqo| uhgxfh zhoiduh1
Iru qrq wulyldo lqirupdwlrq frvwv/ wkh sureohp ri h{fhvv vshqglqj rq lq0
irupdwlrq pd| dsshdu1 Dvvxph wkhuh duh  djhqwv/ hdfk xvlqj d frqvxowdqw
zkr frvwv wc dqg wkdw wkh jryhuqphqw frxog frpsxwh lwv rswlpdo plqlpxp
zdjh e| mxvw xvlqj rqh frqvxowdqw/ l1h1 vshqglqj w rqfh1 Dvvxph wkdw +45,
krogv dqg wkdw 2	S 	 6 	 	S n SM  Li wkh jryhuqphqw edqv frqvxowlqj dqg
lpsrvhv d plqlpxp zdjh/ wrwdo djjuhjdwh zhoiduh qhw ri lqirupdwlrq frvwv lv
htxdo wr
 dR2M4
2E6 2SM n 24E 4ERMRuE6 SM  Su
nE 42E 2RuE RuE6 2Suo w
Li djhqwv xvh frqvxowlqj/ wkhq djjuhjdwh zhoiduh lv
 dR2M4
2E6 2SM n 24E 4E E RMRuE6 SM  Su n E 4
2E6 2Suow
Wkh uvw srolf| grplqdwhv wkh vhfrqg rqh l
  

w : 24E 4E RuE6 SM  Su n 2RuE RuE 4
2E6 2Suc
zklfk pd| krog li lqirupdwlrq frvwv duh kljk hqrxjk +w odujh, dqg li wkhuh lv
hqrxjk h{fhvv gxsolfdwlrq li frqvxowlqj ihhv + odujh,1
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